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Abstract

We study a non-standard form of generating function for the
three-parameter continuous dual q-Hahn polynomials pn(x; a, b, c | q),
which has surfaced in a recent work of the present authors on the
construction of lifting q-difference operators in the Askey scheme
of basic hypergeometric polynomials. We show that the resulting
generating function identity for the continuous dual q-Hahn polyno-
mials pn(x; a, b, c | q) can be explicitly stated in terms of Jackson’s
q-exponential functions eq(z).
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Resumen

Estudiamos una forma no estándar de la función generatriz para
una familia de polinomios duales continuos q-Hahn de tres parámetros
pn( x; a, b, c | q ), que han surgido en un trabajo reciente de los au-
tores en la construcción de operadores elevadores en q-diferencias
del esquema de Askey de polinomios básicos hipergeométricos. De-
mostramos que la función generatriz identidad resultante para los
polinomios q-Hahn duales continuos pn(x; a, b, c | q) puede ser expre-
sada expĺıcitamente en términos de las funciones q-exponenciales de
Jackson eq(z).

Palabras clave: esquema q de Askey, función generatriz, polinomios
duales q-Hahn, función q-exponencial de Jackson.
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1 Introduction

We start out by quoting a metaphorical passage by H.S.Wilf about the
main subject of the present work: “A generating function is a clothesline
on which we hang up a sequence of numbers for display” [1]. Indeed,
a power series f(t) =

∑∞
n=0 an tn, whose coefficients give the sequence

{a0, a1, . . .}, is sometimes said to “enumerate” an (see [2], p.85). There
are many beautiful generating functions in number theory: two particularly
nice examples are given by f(t) = 1/

∏∞
k=1(1 − tk) =

∑∞
n=0 p (n) tn = 1 +

t+2t2+3t3+ . . . for the partition function p (n), and f(t) = t/(1− t−t2) =∑∞
n=0 Fn tn = t + t2 + 2t3 + 3t4 + . . . for the Fibonacci numbers Fn.
The next natural step is to extend this notion of generating function

by allowing the coefficients an to be dependent on another variable, x.
Most of the special functions of mathematical physics may be defined by
a generating function of this more general form

g(t, x) :=
∞∑

n=0

cn tnpn(x) , (1.1)

where pn(x) are some polynomials in the variable x and the cn are con-
stants. So in the spirit of the quotation from [1] we used earlier, in gene-
rating function (1.1) “a sequence of polynomials pn(x), n = 0, 1, 2, . . . , is
hung up for display”, rather than a sequence of numbers. For instance,
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the Hermite polynomials Hn(x) have the generating function of the form

exp
(

2xt − t 2
)

=
∞∑

n=0

tn

n!
Hn(x) . (1.2)

It is worth noting that the real beauty of the generating function
(1.2) is that it actually compactly embodies a large amount of informa-
tion about the Hermite polynomials Hn(x): one can readily derive from
(1.2) the Rodrigues formula Hn(x) = (−1)n e x2

( d
dx )ne− x2

, the three-term
recurrence relation 2xHn(x) = Hn+1(x) + 2nHn−1(x), the differentia-
tion formula H

′
n(x) = 2nHn−1(x), the second-order differential equation

H
′′
n (x)−2xH

′
n(x)+2nHn(x) = 0 for the Hermite polynomials Hn(x), and

so on.
We also recall that basic hypergeometric polynomials from the Askey q-

scheme [3] are associated with so-called q-extensions of generating function
(1.1), which depend on the “deformation” parameter q. For instance, the
continuous q-Hermite polynomials Hn(x| q) of Rogers have a generating
function of the form

∞∑

n=0

Hn(x| q)
(q ; q)n

tn = eq

(
t eiθ

)
eq

(
t e−iθ

)
, x = cos θ, | t| < 1, (1.3)

where Jackson’s q-exponential function eq(z) is defined as

eq(z) :=
∞∑

n=0

zn

(q; q)n
= (z; q)−1

∞ , |z| < 1 . (1.4)

This short work is aimed at the study of a non-standard form of gene-
rating function for the three-parameter continuous dual q-Hahn polyno-
mials pn(x; a, b, c | q), which has surfaced in our recent work [4] on the
construction of lifting q-difference operators in the Askey scheme of basic
hypergeometric polynomials. In [4] we have determined first an explicit
form of a q-difference operator that lifts the continuous q-Hermite polyno-
mials Hn(x| q) of Rogers up to the continuous big q-Hermite polynomials
Hn(x; a| q) on the next level in the Askey scheme of basic hypergeometric
polynomials. This operator is defined as Exton’s q-exponential function
(introduced in [5] and studied in detail in [6]–[9]) εq(aqDq),

εq(z) :=
∞∑

k=0

q k(k+1)/4 zk

(q; q)k
= 1φ1

(
0 ;− q1/2; q1/2,− q1/2z

)
,

in terms of the Askey–Wilson divided q-difference operator Dq and it repre-

sents a particular q-extension of the standard shift operator exp
(
a d

dx

)
. We

Rev.Mate.Teor.Aplic. (ISSN 1409-2433) Vol. 18(1): 111–120, January 2011



114 m. atakishiyeva – n. atakishiyev

have demonstrated next that one may move two steps more upwards in or-
der first to reach the Al-Salam–Chihara family of polynomials Qn(x; a, b | q)
and then the continuous dual q-Hahn polynomials pn(x; a, b, c| q). In both
of these cases lifting operators turn out to be convolution-type products
of two and three, respectively, one-parameter q-difference operators of the
same type εq(aqDq) as at the initial step.

To achieve our goal in this work, we have collected in section 2 some
background facts about a family of the continuous dual q-Hahn polyno-
mials pn(x; a, b, c | q), which are then used in section 3 in order to find
an explicit form of a non-standard generating function identity for the
continuous dual q-Hahn polynomials in terms of Jackson’s q-exponential
functions eq(z). The key to our approach lies in the essential use of the
Askey–Wilson formalism of connection coefficients [10], providing an ex-
plicit link between the continuous dual q-Hahn polynomials pn(x; a, b, c | q)
and the Al-Salam–Chihara polynomials Qn(x; a, b| q).

Throughout this exposition we employ standard notations of the theory
of special functions (see, for example, [11]– [13]).

2 Continuous dual q-Hahn polynomials

pn(x; a, b, c| q)

The continuous dual q-Hahn polynomials pn(x; a, b, c| q) from the third
level in the Askey q-scheme depend on three parameters a, b and c (in
addition to the base q) and they are explicitly given by means of the
formula

pn(x; a, b, c| q) :=
(ab, ac ; q)n

an 3φ2

(
q−n, a eiθ, a e−iθ

ab, ac

∣∣∣∣∣ q ; q

)

≡ (ab, ac ; q)n
an

n∑

k=0

(q−n, a eiθ, a e−iθ; q)n
(ab, ac, q; q)n

q n , x = cos θ , (2.1)

where (z; q)n is the q-shifted factorial, (z; q)0 = 1, (z; q)n =
∏n−1

k=0(1 −
zqk) for n = 1, 2, 3, . . ., and we have used the conventional short notation
(a1, a2, . . . , ak; q)n :=

∏k
j=1(aj ; q)n for products of q-shifted factorials. If

a, b and c are real, or one of them is real and the other two are complex
conjugates and max (| a|, | b|, | c| ) < 1), the polynomials pn(x; a, b, c| q) are
orthogonal on the finite interval −1 ≤ x := cos θ ≤ 1,

1
2π

∫ 1

−1
pm(x; a, b, c| q) pn(x; a, b, c| q)w(x; a, b, c| q) dx = hn δmn ,
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hn =
(
qn+1, abqn, acqn, bcqn ; q

)−1

∞
, (2.2)

with respect to the weight function (cf formula (3.3.2) on p.69 in Ref.[3] )

w(x; a, b, c| q) :=
∣∣∣ eq

(
a eiθ

)
eq

(
b eiθ

)
eq

(
c eiθ

)∣∣∣
2
w(x| q) , (2.3)

where w(x| q) is the weight function for the continuous q-Hermite polyno-
mials of Rogers Hn(x| q),

w(x| q) :=
1

sin θ

(
e2iθ; q

)
∞

(
e−2iθ; q

)
∞

. (2.4)

To avoid any confusion of notations, we emphasize that the weight func-
tions w(x; a, b, c| q) and w(x| q), defined by (2.3) and (2.4), respectively, are
the same as w̃(x; a, b, c| q) and w̃(x| q) in, for example, Ref. [3]. It should
be noted that in what follows we restrict ourselves to the case when the
parameters a, b and c are real and max(| a|, | b|, | c| ) < 1.

The continuous dual q-Hahn polynomials pn(x; a, b, c| q) are symmetric
with respect to the parameters a, b and c ; when one of them is equated to
zero, they reduce to the Al-Salam–Chihara polynomials Qn(x; a, b| q), that
is, pn(x; a, b, 0| q) = Qn(x; a, b| q). For general values of the parameters a,
b and c these two families of q-polynomials are interrelated as [10]

pn(x; a, b, c| q) =
n∑

k=0

Cn, k Qk(x; b, c| q) , (2.5)

where the connection coefficients

Cn, k = q k(k−n)

[
n
k

]

q

c k−n (ac, bc ; q)n
(ac, bc ; q)k

2φ1

(
q k−n, 0
ac q k

∣∣∣∣∣ q ; q

)
. (2.6)

The basic 2φ1-polynomial on the right-hand side of (2.6) can be evaluated
as a special case of the Chu–Vandermonde q-sum for 2φ1(q−n, b ; c ; q, q)
with a vanishing parameter b ([11], formula (1.5.3) on p.14, see also [14]),
that is,

2φ1(q−n, 0 ; c ; q, q) = qn(n−1)/2 (−c)n

(c; q)n
.

Thus (2.5) reduces to the relation

pn(x; a, b, c| q) =
n∑

k=0

q
(n− k)(n− k−1)

2

[
n
k

]

q

(− a)n− k (b c ; q)n
(b c ; q)k

Qk(x; b, c| q)

≡
n∑

m=0

q m(m− 1)/2

[
n
m

]

q

(− a)m
(b c ; q)n

(b c ; q)n−m
Qn−m(x; b, c| q)
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=
n∑

m=0

(
a b c q n− 1

)m
(

q1−n

b c
; q

)

m

[
n
m

]

q

Qn−m(x; b, c| q)

=
n∑

m=0

qm(m−1)/2

[
n
m

]

q

(−a)m
(
b c q n−1 ; q−1

)
m

Qn−m(x; b, c| q) , (2.7)

where at the last step we employ the inversion formula
(
z; q−1

)
n

= q−n(n−1)/2 (−z)n
(
z−1; q

)
n

with respect to the transformation of the base q ⇒ 1/q. This key con-
nection coefficient link between the continuous dual q-Hahn polynomials
pn(x; a, b, c| q) and the Al-Salam–Chihara polynomials Qn(x; a, b| q) will be
essentially used in the next section.

In the case when any two of the parameters a, b and c vanish, the con-
tinuous dual q-Hahn polynomials pn(x; a, b, c| q) reduce to the continuous
big q-Hermite polynomials Hn(x; a| q), i.e., pn(x; a, 0, 0| q) = Hn(x; a| q),
finally, when all three parameters vanish they coincide with the continuous
q-Hermite polynomials Hn(x| q), that is, pn(x; 0, 0, 0| q) = Hn(x| q). We
note in passing that the generating function (2.5) reduces to the (1.3) in
the particular case when a = b = c = 0.

There are four standard generating function identities for the continu-
ous dual q-Hahn polynomials pn(x; a, b, c| q) in [3] (see formulas (3.3.13)–
(3.3.16)); one example to illustrate their nature is of the form

(c t ; q)∞
(t eiθ; q)∞

2φ1

(
a eiθ, b eiθ

ab

∣∣∣∣∣ q ; t e−iθ

)
=

∞∑

n=0

pn(x; a, b, c| q)
(ab, q ; q)n

tn , (2.8)

where x = cos θ and | t| < 1 (see (3.3.13) on p.70 in [3]). Observe that
when one of the parameters a, b and c vanish, the generating function
(2.8) reduces to the well-known generating function

∞∑

k=0

t k

(q; q)k
Qk(x; b, c| q) = (bt, ct ; q)∞ eq

(
teiθ
)

eq

(
te−iθ

)
, |t| < 1, (2.9)

for the Al-Salam–Chihara polynomials Qn(x; a, b | q) ((3.8.13),p.81, [3]).

3 Non-standard generating function

for pn(x; a, b, c| q)
We now turn to the determination of a non-standard generating function
for the continuous dual q-Hahn polynomials pn(x; a, b, c| q) of the form

f(t, x ; a, b, c| q) :=
∞∑

n=0

pn(x; a, b, c| q)
(abc t, q ; q)n

tn , (3.1)
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which differs from standard ones by a t-dependent denominator factor
(abc t; q)n in the right side of (3.1) (cf. formulas (3.3.13)–(3.3.16)) in [3]).
So we begin this section with an evaluation of this curious, and perhaps
surprising, generating function (3.1), which is of considerable interest in
itself. Evidently, since the pn(x; 0, 0, 0| q) coincide with the Hn(x| q), the
generating function (3.1) for a = b = c = 0 should reduce to the right side
of the identity (1.3).

The first step in evaluating (3.1) is to substitute the connection relation
(2.7) for the continuous dual q-Hahn polynomials pn(x; a, b, c| q) in terms
of the Al-Salam–Chihara polynomials Qn(x; a, b| q) into the right side of
(3.1). This gives the relation

f(t, x ; a, b, c| q) =
∞∑

n=0

tn

(abc t, q ; q)n

n∑

m=0

qm(m−1)/2

[
n
m

]

q

× (−a)m
(
b c q n−1 ; q−1

)
m

Qn−m(x; b, c| q)

=
∞∑

n=0

qn(n−1)/2 (bc ; q)n
(abct, q ; q)n

tn
n∑

k=0

q k(k+1−2n)/2

[
n
k

]

q

× (− a)n− k

(bc ; q)k
Qk(x; b, c| q) , (3.2)

where we have inverted the order of summation with respect to the index
m (i.e., k = n − m) and used the identities (see, for example, (I.8) and
(I.10) on page 233 in [11])

(z; q)n− k =
(z; q)n

(q1−n/z; q)k

(
− q

z

)k
q k(k−1−2n)/2 ,

(zq−n; q)n = (q/z; q)n
(
− z

q

)n
q−n(n−1)/2 .

The next step is to interchange the order of summation with respect to
the indices n and k, which yields

f(t, x ; a, b, c| q) =
∞∑

k=0

q k(k+1)/2 Qn(x; b, c| q)
(− a)k (bc, q ; q)k

×
∞∑

n=k

qn(n−1−2k)/2 (bc ; q)n (− at)n

(abct ; q)n (q; q)n−k

=
∞∑

k=0

Qn(x; b, c| q)
(− a)k (bc, q ; q)k

∞∑

m=0

qm(m−1)/2 (bc ; q)m+k (− at)m+k

(abct ; q)m+k (q; q)m
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=
∞∑

k=0

Qn(x; b, c| q)
(abct, q ; q)k

t k
∞∑

m=0

qm(m−1)/2 (bcq k ; q)m (− at)m

(abctq k, q ; q)m
, (3.3)

where at the last step we employ the identity (A ; q)m+k = (A ; q)k (Aqk ; q)m
twice. The sum over the index m in (3.3) represents a basic hypergeometric
series

1φ1

(
bcq k; abctq k; q, at

)

and can be now evaluated by the 1φ1-sum (see 1.6(ii) on p.26 in [11])

1φ1

(
A; B; q,B/A

)
=

(B/A ; q)∞
(B ; q)∞

with A = bcq k and B = abctq k. Consequently, one arrives at the required
relation

f(t, x ; a, b, c| q) =
∞∑

k=0

Qk(x; b, c| q)
(abct, q ; q)k

t k (at ; q)∞
(abctq k ; q)∞

=
(at ; q)∞

(abct ; q)∞

∞∑

k=0

t k

(q ; q)k
Qk(x; b, c| q)

=
(at, bt, ct ; q)∞

(abct ; q)∞
eq

(
teiθ
)

eq

(
te−iθ

)
, (3.4)

upon making use of the known generating function identity (2.9) for the Al-
Salam–Chihara polynomials Qn(x; a, b| q). Thus, from (3.4) one deduces
that a non-standard generating function identity for the continuous dual
q-Hahn polynomials pn(x; a, b, c| q) is of the form

∞∑

n=0

pn(x; a, b, c| q)
(abct, q ; q)n

tn =
(at, bt, ct ; q)∞

(abct ; q)∞
eq

(
t eiθ

)
eq

(
t e−iθ

)
,

x = cos θ , | t| < 1 . (3.5)

4 Concluding remarks

In our recent article [4] we were driven by the quest to construct explicitly
q-difference operators that lift successively the continuous q-Hermite poly-
nomials Hn(x| q) of Rogers up first to the continuous big q-Hermite polyno-
mials Hn(x; a| q), then to the Al-Salam–Chihara polynomials Qn(x; a, b| q),
and, finally, to the continuous dual q-Hahn polynomials pn(x; a, b, c| q) in
the Askey scheme of basic hypergeometric polynomials. In the course of
attempting to take the same line of reasoning a step further and reach the
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Askey–Wilson polynomials pn(x; a, b, c, d| q) on the top level in the Askey
q-scheme, it has become clear that one faces the problem of evaluating the
non-standard generating function f(t, x ; a, b, c| q). So a resolution of this
problem is (3.5) and we are now in a position to formulate a follow-up to
[4]. Work on presenting this development is in progress.

Obviously, (3.5) is of considerable mathematical interest in itself and it
becomes of central importance to find out whether there are similar types
of non-standard generating functions for other families of basic hypergeo-
metric polynomials from the Askey q-scheme.
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